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==========
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The aim of this paper is to supply answers to the above problems and others.

A new expression of the Catalan numbers {#Sec2}
=======================================
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*Remark 1* {#FPar6}
----------

In Qi ([@CR18]), there are another two asymptotic expansions for $\documentclass[12pt]{minimal}
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*Remark 2* {#FPar7}
----------

The asymptotic expansion ([16](#Equ16){ref-type=""}) is a general expression of the asymptotic expansion ([5](#Equ5){ref-type=""}). Hence, the asymptotic expansion ([15](#Equ15){ref-type=""}) is a generalization of ([5](#Equ5){ref-type=""}).
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Proof {#FPar9}
-----

Making use of ([17](#Equ17){ref-type=""}) in the integral representation ([7](#Equ7){ref-type=""}) yields$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} C(a,b;x)&=\frac{\Gamma (b)}{\Gamma (a)} \biggl (\frac{b}{a}\biggr )^x\frac{(x+a)^x}{(x+b)^{x+b-a}} \exp \biggl [b-a\\&\quad +\int _0^\infty \frac{1}{t}\biggl (\frac{1}{e^t-1}-\frac{1}{t}+1-a\biggr ) \bigl (e^{-at}-e^{-bt}\bigr )e^{-xt}{{\text{d}}}t\biggr ]\\&=\frac{\Gamma (b)}{\Gamma (a)} \biggl (\frac{b}{a}\biggr )^x\frac{(x+a)^x}{(x+b)^{x+b-a}} \exp \Biggl [b-a\\&\quad +\int _0^\infty \frac{1}{t}\Biggl (\frac{1}{2}-a+\sum _{j=1}^\infty B_{2j}\frac{t^{2j-1}}{(2j)!}\Biggr ) \bigl (e^{-at}-e^{-bt}\bigr )e^{-xt}{{\text{d}}}t\Biggr ]\\&=\frac{\Gamma (b)}{\Gamma (a)} \biggl (\frac{b}{a}\biggr )^x\frac{(x+a)^x}{(x+b)^{x+b-a}} \exp \Biggl [b-a+\biggl (\frac{1}{2}-a\biggr )\ln \frac{x+b}{x+a}\\&\quad +\sum _{j=1}^\infty \frac{B_{2j}}{2j(2j-1)} \biggl (\frac{1}{(x+a)^{2j-1}}-\frac{1}{(x+b)^{2j-1}}\biggr )\Biggr ]\\&=\frac{\Gamma (b)}{\Gamma (a)} \biggl (\frac{b}{a}\biggr )^x\frac{(x+a)^{x+a-1/2}}{(x+b)^{x+b-1/2}}e^{b-a}\\&\quad \times \exp \Biggl [\sum _{j=1}^\infty \frac{B_{2j}}{2j(2j-1)} \biggl (\frac{1}{(x+a)^{2j-1}}-\frac{1}{(x+b)^{2j-1}}\biggr )\Biggr ] \end{aligned}$$\end{document}$$which can be reformulated as the form ([18](#Equ18){ref-type=""}).
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*Remark 3* {#FPar10}
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*Remark 4* {#FPar11}
----------

For more information on the exponential mean $\documentclass[12pt]{minimal}
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Integral representations and complete monotonicity of the Catalan--Qi function $\documentclass[12pt]{minimal}
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=============================================================================================================

Motivated by the first integral representations ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}), we guess out the following integral representations for the Catalan--Qi function *C*(*a*, *b*; *x*).

**Theorem 4** {#FPar12}
-------------
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                \begin{document}$$C(a,b;x)=\biggl (\frac{a}{b}\biggr )^{a}\frac{1}{B(a,b-a)}\int _0^\infty \frac{t^{b-a-1}}{(t+a/b)^{x+b}}{{\text{d}}}t.$$\end{document}$$

*Proof* {#FPar13}
-------

Straightforwardly computing and directly utilizing ([11](#Equ11){ref-type=""}) and ([12](#Equ12){ref-type=""}) acquire$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _0^\infty \frac{t^{b-a-1}}{(t+a/b)^{x+b}} {{\text{d}}}t&=\biggl (\frac{b}{a}\biggr )^{x+b}\int _0^\infty \frac{t^{b-a-1}}{(1+bt/a)^{x+b}} {{\mathrm{d}}}t\\&=\biggl (\frac{b}{a}\biggr )^{x+b}\biggl (\frac{b}{a}\biggr )^{a-b} \int _0^\infty \frac{\bigl (\frac{bt}{a}\bigr )^{b-a-1}}{\bigl (1+\frac{bt}{a}\bigr )^{x+b}} {{\text{d}}}\biggl (\frac{bt}{a}\biggr )\\&=\biggl (\frac{b}{a}\biggr )^{x+a} \int _0^\infty \frac{u^{b-a-1}}{(1+u)^{b-a+(x+a)}} {{\text{d}}}u\\&=\biggl (\frac{b}{a}\biggr )^{x+a}B(b-a,x+a)\\&=\biggl (\frac{b}{a}\biggr )^{x+a}\frac{\Gamma (b-a)\Gamma (x+a)}{\Gamma (x+b)}. \end{aligned}$$\end{document}$$The integral representation ([21](#Equ21){ref-type=""}) is thus proved.

Similar to the above argument, by virtue of ([11](#Equ11){ref-type=""}) and ([12](#Equ12){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _0^{b/a}\biggl (\frac{b}{a}-t\biggr )^{b-a-1}t^{x+a-1}{{\text{d}}}t &= \biggl (\frac{b}{a}\biggr )^{x+b-1}\int _0^1(1-s)^{b-a-1}s^{x+a-1}{{\text{d}}}s\\ &= \biggl (\frac{b}{a}\biggr )^{x+b-1}B(b-a,x+a) =\biggl (\frac{b}{a}\biggr )^{x+b-1}\frac{\Gamma (b-a)\Gamma (x+a)}{\Gamma (x+b)}. \end{aligned}$$\end{document}$$Hence, the integral representation ([22](#Equ22){ref-type=""}) follows readily. The proof of Theorem [4](#FPar12){ref-type="sec"} is thus complete. $\documentclass[12pt]{minimal}
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*Remark 5* {#FPar14}
----------
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*Remark 6* {#FPar15}
----------

In [https://en.wikipedia.org/wiki/Catalan_number](https://en.wikipedia.org/wiki/Catalan%5fnumber), it was said that the integral representation ([8](#Equ8){ref-type=""}) means that the Catalan numbers $\documentclass[12pt]{minimal}
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Recall from Mitrinović et al. ([@CR16], Chapter XIII), Schilling et al. ([@CR35], Chapter 1), and Widder ([@CR41], Chapter IV) that an infinitely differentiable function *f* is said to be completely monotonic on an interval *I* if it satisfies $\documentclass[12pt]{minimal}
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**Theorem 5** {#FPar16}
-------------
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*Proof* {#FPar17}
-------

The integral representation ([21](#Equ21){ref-type=""}) can be rearranged as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} C(a,b;x)&=\frac{1}{B(a,b-a)}\biggl (\frac{b}{a}\biggr )^{x-1} \int _0^{b/a}\biggl (1-\frac{a}{b}t\biggr )^{b-a-1}\biggl (\frac{a}{b}t\biggr )^{x+a-1}{{\text{d}}}t\\&=\frac{1}{B(a,b-a)}\biggl (\frac{b}{a}\biggr )^{x} \int _0^1(1-s)^{b-a-1}s^{x+a-1}{{\text{d}}}s. \end{aligned}$$\end{document}$$Further utilizing the well-known power series expansion$$\documentclass[12pt]{minimal}
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Rewriting ([23](#Equ23){ref-type=""}) as$$\documentclass[12pt]{minimal}
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*Remark 7* {#FPar18}
----------
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Logarithmically complete monotonicity of the Catalan--Qi function $\documentclass[12pt]{minimal}
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An infinitely differentiable and positive function *f* is said to be logarithmically completely monotonic on an interval *I* if $\documentclass[12pt]{minimal}
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Recall from monographs Mitrinović et al. ([@CR16], pp. 372--373) and Widder ([@CR41], p. 108, Definition 4) that a sequence $\documentclass[12pt]{minimal}
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**Theorem 6** {#FPar19}
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*Proof* {#FPar20}
-------
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*Remark 8* {#FPar21}
----------

It is interesting that, since the function $\documentclass[12pt]{minimal}
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**Theorem 7** {#FPar22}
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*Proof* {#FPar23}
-------
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*Remark 9* {#FPar24}
----------
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*Proof* {#FPar26}
-------

By ([6](#Equ6){ref-type=""}), it follows that$$\documentclass[12pt]{minimal}
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*Remark 10* {#FPar27}
-----------

The integral representation ([22](#Equ22){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
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**Theorem 9** {#FPar28}
-------------
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*Proof* {#FPar29}
-------

This follows from the integral representation ([7](#Equ7){ref-type=""}). $\documentclass[12pt]{minimal}
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*Remark 11* {#FPar30}
-----------

Theorems [8](#FPar25){ref-type="sec"} and [9](#FPar28){ref-type="sec"} imply that the sequences$$\documentclass[12pt]{minimal}
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A generating function of the Catalan--Qi sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{C(a,b;n)}$$\end{document}$ {#Sec6}
================================================================================

In this section, we discover that $\documentclass[12pt]{minimal}
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**Theorem 10** {#FPar31}
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*Proof* {#FPar32}
-------
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*Remark 12* {#FPar33}
-----------

(An alternative proof of ([33](#Equ33){ref-type=""}) for $\documentclass[12pt]{minimal}
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*Remark 13* {#FPar34}
-----------

Combining ([2](#Equ2){ref-type=""}) and ([34](#Equ34){ref-type=""}) brings out$$\documentclass[12pt]{minimal}
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A double inequality of the Catalan--Qi function $\documentclass[12pt]{minimal}
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Finally we present a double inequality of the Catalan--Qi function *C*(*a*, *b*; *x*).

**Theorem 11** {#FPar35}
--------------
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*Proof* {#FPar36}
-------
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*Remark 14* {#FPar37}
-----------

The double inequality ([36](#Equ36){ref-type=""}) generalizes a double inequality in Qi ([@CR18], Theorem 1.2).

Conclusions {#Sec8}
===========

The main conclusions of this paper are stated in Theorems [1](#FPar2){ref-type="sec"}, [2](#FPar4){ref-type="sec"}, [3](#FPar8){ref-type="sec"}, [4](#FPar12){ref-type="sec"}, [5](#FPar16){ref-type="sec"}, [6](#FPar19){ref-type="sec"}, [7](#FPar22){ref-type="sec"}, [8](#FPar25){ref-type="sec"}, [9](#FPar28){ref-type="sec"}, [10](#FPar31){ref-type="sec"}, and [11](#FPar35){ref-type="sec"}. Concretely speaking, a new expression, several asymptotic expansions, several integral representations, logarithmic convexity, complete monotonicity, minimality, logarithmically complete monotonicity, a generating function, and several inequalities of the Catalan numbers, the Catalan function, and the Catalan--Qi function are presented and an exponential expansion and a double inequality for the ratio of two gamma functions are derived. These conclusions generalize and extend some known results. More importantly, these conclusions provide new viewpoints of understanding and supply new methods of investigating the Catalan numbers in combinatorics and number theory. Moreover, these conclusions connect the Catalan numbers with the ratios of two gamma functions in the theory of special functions. In other words, the main conclusions in this paper will deepen and promote the study of the Catalan numbers and related concepts in combinatorics and number theory.

*Remark 15* {#FPar38}
-----------

This paper is a companion of the articles Liu et al. ([@CR14]), Mahmoud and Qi ([@CR15]), Qi ([@CR18], [@CR21], [@CR22]), Qi and Guo ([@CR26], [@CR27]), Qi et al. ([@CR31], [@CR32], [@CR33], [@CR34]), Shi et al. ([@CR36]) and a revised version of the preprint Qi et al. ([@CR30]).
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